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Outline

1. Fisher zero characterization of a phase transition

2. Monte Carlo: Numerical issues due to the stochastic nature

3. Higher-Order Tensor Renormalization Group

— Numerical methods of computing the partition function

— How large systems can we consider for Fisher zeros?

[D.-H. Kim, PRE 96, 052130 (2017)]

[S. Hong and D.-H. Kim, arXiv:1906.09036]

It depends on the type of phase transition:  BKT has an issue.

— BKT transitions in the p-state clock model?

— Characterization of the two BKT transitions in the p-state clock model

— Finite-size scaling analysis: logarithmic corrections

— Fisher-zero determination of the BKT transition temperature
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p-state clock model in square lattices
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: “clock” spin

Z(p) symmetry

XY model: U(1) symmetry

p ! 1

Berezinskii-Kosterlitz-Thouless transition

Emergent U(1) symmetry: BKT transition occurs even at finite p!
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Review: “40 years of BKT theory”, ed. by J. V. Jose
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Emergent symmetry in the 2D p-state clock model
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Z(p) broken disordered
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Z(p) broken disordered
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BKT BKT
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x
BKT

disordered

2  p  4

5  p < 1

p ! 1

(Villain approximation, self-dual, …)

There are approximations involved!

; see Borisenko et al., PRE 83, 041120 (2011). 

Numerical results with the “exact” p-state clock model:

Lapilli/Pfeifer/Wexler, PRL 2006:

(mainly for the high-T transition)

It’s not the BKT transition for p < 8!
(helicity modulus)

Hwang, PRE 80, 042103 (2009):

(Fisher zero study)

Indeed, it doesn’t look like BKT for p=6.

Baek/Minnhagen/Kim PRE 2010:
(helicity modulus, more rigorously)

Noop, IT IS the BKT for p = 6!
but…

Baek/Minnhagen PRE 2010:

p = 5 looks strange…

Baek et al, PRE 2013.
Kumano et al, PRE 2013.

Borisenko et al, PRE 2011.

Chatelain, JSM 2014: DMRG

?

Debates and remaining issues

review: “40 years of BKT theory”, ed. by J. V. Jose



Fisher zero test on p=5 and 6 ?

Hwang, PRE 80, 042103  (2009): the first Fisher zero calculation for p=6

Wang-Landau Monte Carlo calculations up to L=28
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FIG. 2. !Color online" !a" Fisher zeros in the
complex temperature plane of the six-state clock
model for the system size L=12: a=e−2!J. In the
circle, we can observe that there are two pairs of
peaks !first zeros" toward the real axis. !b" First
Fisher zeros a1 of the six-state clock model in the
complex temperature plane for the system sizes
L=4–28.
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FIG. 3. !Color online" Plots of Tc!1 /L" of the
six-state clock Ising model for L=10–28.
Tc!1 /L" was obtained !a" from the Fisher zeros
and !b" from the maximum positions of specific
heat. !a" T1=0.632!2" and T2=0.997!2", !b" T1
=0.6068!1" and T2=1.017!1" in the limit L→"
were obtained from the finite-size scaling of L
=20–28.
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FIG. 4. !Color online" Low !right figure" and
high !left figure" critical temperature Tc!L" vs
system size L from Fisher zeros using the KT
form. We estimate the two KT temperatures as
0.74 and 0.88 from the finite-size scaling of L
=10–28.
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FIG. 5. Distribution of first Fisher zeros of
low !right figure" and high !left figure" critical
temperature for the system sizes L=8–28. Here,
G=1 / !2L2" and r is the imaginary part of the first
Fisher zero a1.

-3.4 -3.2 -3 -2.8 -2.6 -2.4 -2.2
-ln[L]

-3.2

-3

-2.8

-2.6

-2.4

-2.2

ln
[I

m
(a

1)]

slope = 0.68(2)

-3.4 -3.2 -3 -2.8 -2.6 -2.4
-ln[L]

-3.4

-3.2

-3

-2.8

ln
[I

m
(a

1)]

slope = 0.67(1)

(b)(a)

FIG. 6. Thermal scaling exponent of the low
!right figure" and high !left figure" critical tem-
perature for the system sizes L=12–28.
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said it looks like the second-order(!) transition.

Baek, Minnhagen, Kim, PRE 81, 063102 (2010)
No, it’s BKT at p=6 (helicity modulus).

Baek, Minnhagen, PRE 82, 031102 (2010)

however, different since the correlation length ! for the KT
transition diverges as ln !" !T−Tc"−1/2 #3$. At the same time,
# is proportional to %T−Tc%−1/2 #19$, leading to the size scal-
ing #& ln L. Our MC simulations suggest that # for all q
are consistent with at least a logarithmic size divergence #see
Fig. 4!e"$. However, our MC simulations do not have enough
precision at the largest sizes to rule out a stronger divergence
in a power-law form. The crucial point in the present context
is that the correlation function # displays a phase-transition
singularity, manifested in a size divergence, for all the clock
models including the Ising and the XY model.

In Fig. 4, we present the results for q=3, 4, 5, and 6. For
each q, the helicity modulus $ and the higher-order correla-
tion function # are given. Figure 4!e" shows that for all q, #
has a critical divergence. This means that in all cases there
exists a phase transition which can be associated with the
helicity. An interesting point to note is that for q=2, 3, 4, and
5, the helicity modulus itself remains finite for all tempera-
tures. This means that in these four cases the transition is not
of the KT type. The clock models with q=2, 3, and 4 un-
dergo well-known phase transitions: for q=2 this is the Ising
transition, for q=3 the three-state Potts transition #20$ and

for q=4 again an Ising-like transition #21$. These transitions
go directly from the low-temperature to the high-temperature
phase, which rules out the possibility for two consecutive
transitions separated by a quasicritical phase characterized
by a power-law decay of spin correlations. However, theo-
retical predictions strongly suggest that the five-state clock
model does have two transitions #4–7$. This is also what we
find from our simulations: Fig. 5!a" determines the lower
transition using the order parameter introduced in Ref. #15$,

m% ' (cos!q%") , !7"

where % means the phase of the magnetization vector so that
m'L−2* jei&j = %m%ei%. This parameter distinguishes the true
long-range order from the quasi-long-range order. On the
other hand, Fig. 5!b" detects the upper transition, at which
the spin-correlations start to decay exponentially, using Bind-
er’s cumulant,

U ' 1 −
(%m%4)

2(%m%2)2 . !8"

These measurements show that there are indeed two sepa-
rated transitions. Thus the conclusion for the five-state clock
model is that it does have two consecutive transitions. How-
ever, contrary to the theoretical expectations in Refs. #4–7$,
it is not the KT transition since as is illustrated in Fig. 4!c",
the helicity modulus remains finite for all temperatures pre-
cisely as for q=2, 3, and 4. Nor is it a discontinuous transi-
tion since we do not observe any double peaks in the energy
distribution #15$.

In order to better understand the reason for this, we first
note that the conclusions in Refs. #4,5,7$ were obtained using
the Villain approximation. In Fig. 6!a", we show the result
for the helicity modulus for the five-state clock model using
the Villain potential !compare Fig. 1". In this case, the helic-
ity modulus does indeed vanish. This means that, in accor-
dance with Refs. #4–7$, the five-state clock model within the
Villain approximation does have two consecutive transitions
where the higher one is the KT transition. The crucial point
made here is that this is not true for the real five-state clock
model. The reason for this change in the transition is clearly
the interplay between the number of clock states, q, and the
detailed shape of the potential. This is further illustrated in
Fig. 6!b", which shows the helicity modulus for the six-state
clock model using the generalized potential in Eq. !4" with
p=2.0, which gives a slightly flatter potential !Fig. 1". For
this potential, the six-state clock model has two consecutive
transitions where the helicity modulus does not vanish at the
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FIG. 3. !Color online" 2D XY model !q='". !a" Helicity modu-
lus and !b" its temperature derivative. !c" The peak heights of #
shows a divergence as L grows. Error bars are also shown.
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FIG. 4. !Color online" Helicity modulus measured for clock
models with !a" q=3, !b" q=4, !c" q=5, and !d" q=6, together with
error bars. !e" The peak heights of # at the q values.

0
0.2
0.4
0.6
0.8

1

0.8 0.9 1

m
ψ

T

(a)

L=16
32
64

128
256

0.4

0.45

0.5

0.9 0.95 1 1.05

U

T

(b)

L=64
128
256
512

FIG. 5. !Color online" !a" The order parameter in Eq. !7" around
the lower transition temperature for the five-state clock model. Note
that the crossing points between curves move slightly to the right as
the size becomes larger. !b" Merging of Binder’s cumulant around
the higher transition point for the same model.
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p=6

BKT

however, different since the correlation length ! for the KT
transition diverges as ln !" !T−Tc"−1/2 #3$. At the same time,
# is proportional to %T−Tc%−1/2 #19$, leading to the size scal-
ing #& ln L. Our MC simulations suggest that # for all q
are consistent with at least a logarithmic size divergence #see
Fig. 4!e"$. However, our MC simulations do not have enough
precision at the largest sizes to rule out a stronger divergence
in a power-law form. The crucial point in the present context
is that the correlation function # displays a phase-transition
singularity, manifested in a size divergence, for all the clock
models including the Ising and the XY model.

In Fig. 4, we present the results for q=3, 4, 5, and 6. For
each q, the helicity modulus $ and the higher-order correla-
tion function # are given. Figure 4!e" shows that for all q, #
has a critical divergence. This means that in all cases there
exists a phase transition which can be associated with the
helicity. An interesting point to note is that for q=2, 3, 4, and
5, the helicity modulus itself remains finite for all tempera-
tures. This means that in these four cases the transition is not
of the KT type. The clock models with q=2, 3, and 4 un-
dergo well-known phase transitions: for q=2 this is the Ising
transition, for q=3 the three-state Potts transition #20$ and

for q=4 again an Ising-like transition #21$. These transitions
go directly from the low-temperature to the high-temperature
phase, which rules out the possibility for two consecutive
transitions separated by a quasicritical phase characterized
by a power-law decay of spin correlations. However, theo-
retical predictions strongly suggest that the five-state clock
model does have two transitions #4–7$. This is also what we
find from our simulations: Fig. 5!a" determines the lower
transition using the order parameter introduced in Ref. #15$,

m% ' (cos!q%") , !7"

where % means the phase of the magnetization vector so that
m'L−2* jei&j = %m%ei%. This parameter distinguishes the true
long-range order from the quasi-long-range order. On the
other hand, Fig. 5!b" detects the upper transition, at which
the spin-correlations start to decay exponentially, using Bind-
er’s cumulant,

U ' 1 −
(%m%4)

2(%m%2)2 . !8"

These measurements show that there are indeed two sepa-
rated transitions. Thus the conclusion for the five-state clock
model is that it does have two consecutive transitions. How-
ever, contrary to the theoretical expectations in Refs. #4–7$,
it is not the KT transition since as is illustrated in Fig. 4!c",
the helicity modulus remains finite for all temperatures pre-
cisely as for q=2, 3, and 4. Nor is it a discontinuous transi-
tion since we do not observe any double peaks in the energy
distribution #15$.

In order to better understand the reason for this, we first
note that the conclusions in Refs. #4,5,7$ were obtained using
the Villain approximation. In Fig. 6!a", we show the result
for the helicity modulus for the five-state clock model using
the Villain potential !compare Fig. 1". In this case, the helic-
ity modulus does indeed vanish. This means that, in accor-
dance with Refs. #4–7$, the five-state clock model within the
Villain approximation does have two consecutive transitions
where the higher one is the KT transition. The crucial point
made here is that this is not true for the real five-state clock
model. The reason for this change in the transition is clearly
the interplay between the number of clock states, q, and the
detailed shape of the potential. This is further illustrated in
Fig. 6!b", which shows the helicity modulus for the six-state
clock model using the generalized potential in Eq. !4" with
p=2.0, which gives a slightly flatter potential !Fig. 1". For
this potential, the six-state clock model has two consecutive
transitions where the helicity modulus does not vanish at the
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FIG. 3. !Color online" 2D XY model !q='". !a" Helicity modu-
lus and !b" its temperature derivative. !c" The peak heights of #
shows a divergence as L grows. Error bars are also shown.
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FIG. 4. !Color online" Helicity modulus measured for clock
models with !a" q=3, !b" q=4, !c" q=5, and !d" q=6, together with
error bars. !e" The peak heights of # at the q values.
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FIG. 5. !Color online" !a" The order parameter in Eq. !7" around
the lower transition temperature for the five-state clock model. Note
that the crossing points between curves move slightly to the right as
the size becomes larger. !b" Merging of Binder’s cumulant around
the higher transition point for the same model.
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p=5

BKT(?)

Yes, it is BKT but with residual symmetry.

J. S
tat. M

ech. (2014) P
11022

DMRG study of the Berezinskii–Kosterlitz–Thouless transitions of the 2D five-state clock model
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Figure 3. On the left, helicity modulus Υ2 of the 5-state clock model versus the
temperature T for different strip widths L. The two dashed lines correspond to
the predicted RG relations at the BKT transition temperatures. On the right,
the helicity modulus of the 6-state clock model is plotted for comparison.

other as the strip width is increased. The two expected jumps of helicity modulus cannot
be observed yet but the tangent of the curve becomes more and more steep at temperatures
close to the expected BKT transition temperatures T low

BKT ! 0.90 and T high
BKT ! 0.95.

When the BKT transition point is approached from the non-critical phase, the helicity
modulus takes a universal value, which is predicted to be proportional to TBKT. In the
case of the 2D clock model, these two universal quantities are [15]:

Υ2(T high
BKT) =

2
π

T high
BKT, Υ2(T low

BKT) =
q2

8π
T low

BKT. (8)

These linear behaviors are plotted in figure 3. The different curves are expected to intersect
each of these two straight lines at the same point in the thermodynamic limit. As can be
seen on the figure, and as already noted by Kumano et al [15], this is not yet the case in
the range of strip widths that were considered. However, the accuracy of the DMRG data
allows the intersection of the helicity modulus to be determined with the two predictions
(8). In figure 4, the temperatures at which these intersections occur are plotted versus
1/(ln L)2. Since the correlation length displays an essential singularity

ξ ∼ ea|T−TBKT|−1/2
, T > TBKT, (9)

the temperature shift T − TKT should indeed scale as 1/(ln L)2 in the finite-size regime
ξ ∼ L. The data are in good agreement with this statement. Linear fits then lead to the
extrapolated BKT transition temperatures T low

BKT ! 0.914(12) and T high
BKT ! 0.945(17), in

agreement with earlier estimates T low
BKT ! 0.905 14(9) and T high

BKT ! 0.951 47(9) [6] obtained
by other more accurate techniques but not involving the helicity modulus.

A stronger prediction of Kosterlitz–Thouless theory is that the universal value of the
helicity modulus is approached as

Υ2(T ) − Υ2(TBKT) ∼
[
ln

L

L0

]−1
FΥ

(
|T − TBKT|(ln L/L0)2

)
, (10)

doi:10.1088/1742-5468/2014/11/P11022 8

[cf. Baek et al., PRE 88, 012125, (2013)]
Kumano et al., PRE 88, 104427 (2013).

Chatelain, JSM P11022 (2014)



p-state clock model Helicity modulus Fisher zero

p=6 BKT 2nd. order ? 
(WL calc. - Hwang 2009)

p=5
BKT 

(with a new definition of 
helicity modulus)

?

Disagreements & Questions

The only previous Fisher calculations in the p-state clock models:

- Wang-Landau method gives very accurate results, usually.

- L=28: too small. WL simulations can be done for much larger ones for p=6;

- cf. Lee-Yang zeros in the XY model: up to L=256 with MC + histogram reweighting.

Q. Are there any fundamental issues with the BKT transition?

Department of Physics & Photon Science

Hwang, PRE 80, 042103 (2009): p=6, up to L=28 with Wang-Landau method

It disagreed with the helicity modulus results but has not been re-examined.
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In this talk, …

What was wrong with Fisher zeros at the BKT transitions?

Monte Carlo noises become unbearable, very quickly.

This is a “feature” of BKT; it’s unavoidable within MC.

Can we improve the situation?

Yes, with HOTRG, to some extent. 

Logarithmic subleading-order corrections are essential.

Better finite-size-scaling analysis can be done.



Zeros of Partition Function: the “Fisher” zeros

Z(�) =
X

E

g(E) exp[��E] = 0� = �c

F = �kBT lnZ

Re[𝞫]

Im[𝞫]
x 𝞫c

as L increases

Finite-Size-Scaling behavior 

of the “leading” Fisher zero

A tool to study a phase transition 
without an order parameter

Lots of works have done. For a review, see  
Bena et al., Int. J. Mod. Phys. B 19, 4269 (2005). 

(complex temperature, no external field)

Phase transition: singular free energy!

At,

No real solution exists in finite-size systems, but …

Im[z1] ⇠ L�1/⌫
<latexit sha1_base64="NHtLA7FJzW0iyCzrxwOl/EROha0=">AAACCnicbVDLSsNAFJ3UV62vqks3o0VwY02qoMuCGwUXFewDkhgm02k7dGYSZiZCDV278VfcuFDErV/gzr9x0mah1QMXDufcy733hDGjStv2l1WYm19YXCoul1ZW19Y3yptbLRUlEpMmjlgkOyFShFFBmppqRjqxJIiHjLTD4Xnmt++IVDQSN3oUE5+jvqA9ipE2UlDe9TjSA8nTSz6G7n3g+NBTlMOr2/TQOfJEMg7KFbtqTwD/EicnFZCjEZQ/vW6EE06Exgwp5Tp2rP0USU0xI+OSlygSIzxEfeIaKhAnyk8nr4zhvlG6sBdJU0LDifpzIkVcqREPTWd2uJr1MvE/z01078xPqYgTTQSeLuolDOoIZrnALpUEazYyBGFJza0QD5BEWJv0SiYEZ/blv6RVqzrH1dr1SaVez+Mogh2wBw6AA05BHVyABmgCDB7AE3gBr9aj9Wy9We/T1oKVz2yDX7A+vgHrGpm/</latexit>

|Re[z1]� zc| ⇠ L�1/⌫⇤

<latexit sha1_base64="M9TB/IMcCWYruLDz1GY61LE/xtw=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQsXWmCrosuHHhoop9QDsdMmnahiaZIckI7difcOOvuHGhiFvBnX9j+lho64HA4Zx7uTkniBhV2nG+rdTC4tLySno1s7a+sbllb+9UVBhLTMo4ZKGsBUgRRgUpa6oZqUWSIB4wUg16lyO/ek+koqG40/2IeBx1BG1TjLSRfPv4ATY40l3Jk1syrA9814M5OPAxNIaiHF43k5x70hBx82jo21kn74wB54k7JVkwRcm3vxqtEMecCI0ZUqruOpH2EiQ1xYwMM41YkQjhHuqQuqECcaK8ZJxqCA+M0oLtUJonNByrvzcSxJXq88BMjhKoWW8k/ufVY92+8BIqolgTgSeH2jGDOoSjimCLSoI16xuCsKTmrxB3kURYmyIzpgR3NvI8qRTy7mm+cHOWLRandaTBHtgHh8AF56AIrkAJlAEGj+AZvII368l6sd6tj8loypru7II/sD5/AA5KnXc=</latexit>

Department of Physics & Photon Science

M. E. Fisher (1965)
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1. solving polynomial equation

2. graphical solution + minimization

Given that we have g(E) …

for equally spaced discrete energies

Z =
X

n

gne
��n✏ =

X
gnz

n

polynomial solver

Y

i

(z � zi)

quick and easy, and works the best with exact g(E).

Z(�) = ZR(�) + iZI(�)

from exact counting, 
histogram reweighing, 
Wang-Landau, or … 

map of zeros map of zeros

find intersections minimize |Z|
fine tuning

slow, manual-geared, cumbersome,  

but allows error analysis!

Numerical strategy to compute Fisher zeros



1. solving polynomial equation Z =
X

n

gne
��n✏ =

X
gnz

n
Y

i

(z � zi)

2. Graphical search + refinement

Z(�) = ZR(�) + iZI(�)

ZR(�)

Z(�R)
=

X

E

P (�R;E) cos(�IE)

ZI(�)

Z(�R)
=

X

E

P (�R;E) sin(�IE)

Find zeros.

Find zeros.
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1. Search for the cross point 
2. Minimize |Z| for refinement

We need the energy distribution at a real T!

Monte Carlo with histogram reweighting

Wang-Landau sampling method

Numerical strategy to compute Fisher zeros
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Z̃ ⌘ Z(�)

Z(�R)
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Leading Fisher zero behavior vs. type of phase transition

[Denbleyker et al., PRD 2014](XY: 𝜈=1/2) 

System-size scaling behavior of the leading zero :
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Second-order:

First-order:

BKT:

Can we compute the leading Fisher zero in a large enough system?

Ising model (2D) : It can be done up to L=256. (my own test, unpublished) 

Potts model (2D) : it reached L=128 long time ago. [PRE 65, 036110 (2002)]

XY model : up to L=128 with HOTRG. [Denbleyker et al., PRD 89, 016008 (2014)]

Clock model : up to L=32 with WL. [DHK, PRE 2017]

well-established!

well-established!

indirectly examined; 
only for XY.
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Test: 2D Ising model
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z = exp[2�]
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“leading” zero
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L=256: Parallel replica-exchange WL [Vogel et al., PRL 2013]

Polynomial Solver + WL density of states
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Test: 2D q-state Potts model
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q=10 q=3

First-order transition Second-order transition

Graphical solutions based on WL density of states
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2D p-state clock model

Department of Physics & Photon Science

0.1

0.2

0.4

4 8 16 32

Im
[β

1
]

L

p=6 
(high-T)

p=6: a usual WL algorithm works fine.

p≠6: [DHK, PRE 96, 052130 (2017): p=5, 8, 10, (12)]

(WL DOS is available for up to L=256)

Z(p) broken disordered
x xcritical region

BKT BKT

(irregular energy spacing problem resolved for WL)

High T: the error blows up for L > 32. 

Low T: the error blows up for L > 16.

T

No FSS!



ZðβzÞ ¼ fðz0Þ ¼ 0; (11)

the values of zeros for different volumes map to the same z0
at large L.
From the scaling behavior of the correlation length for a

Kosterlitz-Thouless (K-T) transition [24,25],

ξ ¼ A expðb=
ffiffi
t

p
Þ; (12)

where t ¼ βc − Reβ − iImβ for Reβ < βc and βc is the K-T
transition coupling. By taking the imaginary part as a
perturbation from the real part and from the leading order
equation for real and imaginary t, one can obtain the
relation between Reβz and Imβz as

Imβz ¼
2a
b
ðβc − ReβzÞ3=2; (13)

where a ¼ Imðlnðz0=AÞÞ.
According to the high accurate results for critical βc from

Monte Carlo [26,27] and high temperature expansion
[28,29], we fix the critical coupling βc ¼ 1.1199 and do
a one-parameter fit for the zeros βc from the HOTRG
calculation with Ds ¼ 50. The best fitting parameter value
is a=b ¼ 0.63942$ 0.00919. From Fig. 9, the current
zeros are very close to the model. It is obvious that the
zeros pinch the real axis convexly as L increases for the
K-T transition, while in the case of the 2D Ising model
which has a second-order phase transition the zeros pinch
the real axis concavely.
We can also do more parameter fits for the scaling

relation of the real part of t separately to obtain the critical
coupling β, up to the second digits of which is consistent

with the values obtained in Refs. [26–29]. However, to get
more accurate critical coupling, zeros at larger volume with
more Ds are needed for the HOTRG calculation. The
computational demands for time and memory of such
calculations seem to require more than a laptop.

V. CONCLUSIONS

In conclusion, we have shown that the partition function
of spin models [2D Ising model and 2D Oð2Þ model] at
complex coupling β can be calculated accurately by the
HOTRGmethod even at large Imβwhere the MC reweight-
ing method fails. Reliable zeros of the partition function of
these spin models can also be obtained by the HOTRG
calculation. By the finite size scaling for the lowest zeros of
2D Oð2Þ models at different volumes, we have shown that
the zeros will pinch the real axis convexly in the infinite
volume limit for the K-T transition.
In summary, the success of the HOTRG method to solve

the complex partition function and obtain the zeros of the
partition functions shows that this new method seems
insensitive to the problem associated with complex value.
This allows us to apply the TRG method to study another
sign problem, the ZðNÞ and Oð2Þ models with a finite
chemical potential μ. Take the 2D Oð2Þ model

βH ¼ −β
X

j;α

cosðθj − θjþα − iμδα;yÞ (14)

as an example, the local tensor can be formulated by the
modified Bessel function of the first kind [In ≡ InðβÞ] and
expðnμÞ:

Txx0yy0 ¼
ffiffiffiffi
Ix

p ffiffiffiffiffiffiffiffiffiffi
Iyeyμ

p ffiffiffiffiffi
Ix0

p ffiffiffiffiffiffiffiffiffiffiffiffi
Iy0ey

0μ
q

δxþy;x0þy0 ; (15)

which have no complex terms at all. We plan to compare
the results from TRG calculation with those obtained with
other methods such as dual formulations [30] and world-
line methods [31,32] in the future.
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FIG. 9 (color online). Zeros of XY model with linear size
L ¼ 4, 8, 16, 32, 64, and 128 (from up-left to down-right)
calculated from HOTRG with Ds ¼ 40, and 50 and zeros with
L ¼ 4, 8, 16, and 32 fromMC. The curve is a model for trajectory
of the lowest zeros.
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L = 4, 8, 16, 32, 64, 128

For a small Im[𝜷],
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The leading zeros for 
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those of the XY limit.

p>5 is like XY:

p>5 is probably then BKT. 

p=5 shows systematic 
difference from the larger p’s.

The same singular form 
of free energy emerges 
for p>5.

Strong form of universality? at a high-temperature transition
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at a pseudo-transition point

BKT: ⇠ exp[�L2(ln bL)�6]

(exponential decay)

Going to a large L is not possible  
under any finite fluctuations

1st order: ⇠ exp[�L2dL�2d] = O(1) :GOOD

2nd order: ⇠ exp[�Ld+↵/⌫L�2/⌫ ] = O(1) :GOOD
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Ising model: 

weak 2nd. order:
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[S. Hong and D.-H. Kim, arXiv:1906.09036]

System-size scaling of numerical visibility of the leading Fisher zero.
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Higher-Order Tensor Renormalization Group (HOTRG)
Xie, Chen, Qin, Zhu, Yang & Xiang, PRB 86, 045139 (2012).
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FIG. 1. (Color online) (a) A HOTRG contraction of the tensor-
network state along the y axis on the square lattice. (b) Steps of
contraction and renormalization of two local tensors. The initial tensor
T (0) = T .

To coarse grain, we contract the lattice alternatively along
the horizontal (x axis) and vertical (y-axis) directions. This
scheme of coarse graining is simple to implement. Figure 1(a),
as an example, shows how the contraction along the y axis is
done. At each step, two sites are contracted into a single site
in the coarse-grained lattice [Fig. 1(b)], and the lattice size is
reduced by a factor of 2.

The contracted tensor at each coarse-grained lattice site is
defined by

M
(n)
xx ′yy ′ =

∑

i

T
(n)
x1x

′
1yi

T
(n)
x2x

′
2iy

′ , (5)

where x = x1 ⊗ x2, x ′ = x ′
1 ⊗ x ′

2, and the superscript n de-
notes the nth iteration. The bond dimension of M (n) along the
x axis is the square of the corresponding bond dimension of
T (n). To truncate M (n) into a lower rank tensor, we first do a
HOSVD for this tensor,20

M
(n)
xx ′yy ′ =

∑

ijkl

SijklU
L
xiU

R
x ′jU

U
ykU

D
y ′l , (6)

where U ’s are the unitary matrices. S is the core tensor of
M (n), which possesses the following properties for any index,
say index j :

(1.) all orthogonality,

〈S:,j,:,: | S:,j ′,:,:〉 = 0, if j %= j ′, (7)

where 〈S:,j,:,: | S:,j ′,:,:〉 is the inner product of these two
subtensors.

(2.) pseudodiagonal,

|S:,j,:,:| ! |S:,j ′,:,:|, if j < j ′,

where |S:,j,:,:| is the norm of this subtensor which is the square
root of all elements’ square sum. These norms play a similar
role as the singular values of a matrix.

In M (n), the two vertical bonds, y and y ′, do not need to be
renormalized. Thus in the practical calculation, UU and UD

are not needed to be determined. Moreover, the right bond of
M (n) is linked directly to the left bond of an identical tensor
on the right neighboring site, thus to truncate any one of the
horizontal bonds of M (n) will automatically truncate the other
horizontal bond. The truncation can be done by comparing the
values of

ε1 =
∑

i>D

|Si,:,:,:|2, (8)

and

ε2 =
∑

j>D

|S:,j,:,:|2. (9)

If ε1 < ε2, we truncate the first dimension of S or the second
dimension of UL to D. Otherwise, we truncate the second
dimension of S or the second dimension of UR to D. This
kind of truncation scheme provides a simple and optimal
approximation to minimize the truncation error.21,22 It has been
successfully applied to many fields such as data compression,
image processing, pattern recognition, etc.23

After the truncation, we can update the local tensor using
the following formula:

T
(n+1)
xx ′yy ′ =

∑

ij

U
(n+1)
ix M

(n)
ijyy ′U

(n+1)
jx ′ , (10)

where U (n+1) = UL (or UR) if ε1 is smaller (or larger) than ε2.
The above HOTRG calculation can be repeated iteratively

until the free energy and other physical quantities calculated
are converged. The cost of the calculation scales as D7 in
the computer time and D4 in the memory space. This is
comparable with the cost of TRG.7,8

The key step in the above HOTRG iteration is to determine
the four unitary matrices on the right-hand side of Eq. (6).
In our calculation, we determine these matrices by taking the
singular value decomposition of matrices. As an example, let
us consider how to evaluate UL. We first convert Mxx ′yy ′ into
a matrix M ′

x, x ′yy ′ ,

M ′
x, x ′yy ′ = Mxx ′yy ′ ,

with the first index x as the row index and the rest indices
(x ′,y,y ′) as the column index of this matrix. Then from the
theory of HOSVD, we know that UL is equal to the left unitary
matrix of M under the singular value decomposition. Thus UL

can be simply determined from the canonical transformation
of the unitary matrix M ′M ′†,

M ′M ′† = UL"L(UL)†, (11)

where "L is the eigenvalue of M ′M ′†. Furthermore, it can be
shown that

|Si,:,:,:|2 = "L
i . (12)

The cost for evaluating these U matrices scales with D6.

045139-2

M (n)
xx0yy0 =

X

i

T (n)
x1x0

1yi
T (n)
x2x0

2iy
0
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UixM
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2. HOSVD

3. Truncation

x = x1 ⌦ x2
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(D2xD2xDxD)

U : (D2 x Dc)

(DcxDcxDxD)

cutoff

x ! y ! x ! y ! · · ·
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HOSVD in practice
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Q. How can we get U?

M (n)
xx0yy0 =
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1. U = UL 2. U = UR
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FIG. 1. (Color online) (a) A HOTRG contraction of the tensor-
network state along the y axis on the square lattice. (b) Steps of
contraction and renormalization of two local tensors. The initial tensor
T (0) = T .

To coarse grain, we contract the lattice alternatively along
the horizontal (x axis) and vertical (y-axis) directions. This
scheme of coarse graining is simple to implement. Figure 1(a),
as an example, shows how the contraction along the y axis is
done. At each step, two sites are contracted into a single site
in the coarse-grained lattice [Fig. 1(b)], and the lattice size is
reduced by a factor of 2.

The contracted tensor at each coarse-grained lattice site is
defined by

M
(n)
xx ′yy ′ =

∑

i

T
(n)
x1x

′
1yi

T
(n)
x2x

′
2iy

′ , (5)

where x = x1 ⊗ x2, x ′ = x ′
1 ⊗ x ′

2, and the superscript n de-
notes the nth iteration. The bond dimension of M (n) along the
x axis is the square of the corresponding bond dimension of
T (n). To truncate M (n) into a lower rank tensor, we first do a
HOSVD for this tensor,20

M
(n)
xx ′yy ′ =

∑

ijkl

SijklU
L
xiU

R
x ′jU

U
ykU

D
y ′l , (6)

where U ’s are the unitary matrices. S is the core tensor of
M (n), which possesses the following properties for any index,
say index j :

(1.) all orthogonality,

〈S:,j,:,: | S:,j ′,:,:〉 = 0, if j %= j ′, (7)

where 〈S:,j,:,: | S:,j ′,:,:〉 is the inner product of these two
subtensors.

(2.) pseudodiagonal,

|S:,j,:,:| ! |S:,j ′,:,:|, if j < j ′,

where |S:,j,:,:| is the norm of this subtensor which is the square
root of all elements’ square sum. These norms play a similar
role as the singular values of a matrix.

In M (n), the two vertical bonds, y and y ′, do not need to be
renormalized. Thus in the practical calculation, UU and UD

are not needed to be determined. Moreover, the right bond of
M (n) is linked directly to the left bond of an identical tensor
on the right neighboring site, thus to truncate any one of the
horizontal bonds of M (n) will automatically truncate the other
horizontal bond. The truncation can be done by comparing the
values of

ε1 =
∑

i>D

|Si,:,:,:|2, (8)

and

ε2 =
∑

j>D

|S:,j,:,:|2. (9)

If ε1 < ε2, we truncate the first dimension of S or the second
dimension of UL to D. Otherwise, we truncate the second
dimension of S or the second dimension of UR to D. This
kind of truncation scheme provides a simple and optimal
approximation to minimize the truncation error.21,22 It has been
successfully applied to many fields such as data compression,
image processing, pattern recognition, etc.23

After the truncation, we can update the local tensor using
the following formula:

T
(n+1)
xx ′yy ′ =

∑

ij

U
(n+1)
ix M

(n)
ijyy ′U

(n+1)
jx ′ , (10)

where U (n+1) = UL (or UR) if ε1 is smaller (or larger) than ε2.
The above HOTRG calculation can be repeated iteratively

until the free energy and other physical quantities calculated
are converged. The cost of the calculation scales as D7 in
the computer time and D4 in the memory space. This is
comparable with the cost of TRG.7,8

The key step in the above HOTRG iteration is to determine
the four unitary matrices on the right-hand side of Eq. (6).
In our calculation, we determine these matrices by taking the
singular value decomposition of matrices. As an example, let
us consider how to evaluate UL. We first convert Mxx ′yy ′ into
a matrix M ′

x, x ′yy ′ ,

M ′
x, x ′yy ′ = Mxx ′yy ′ ,

with the first index x as the row index and the rest indices
(x ′,y,y ′) as the column index of this matrix. Then from the
theory of HOSVD, we know that UL is equal to the left unitary
matrix of M under the singular value decomposition. Thus UL

can be simply determined from the canonical transformation
of the unitary matrix M ′M ′†,

M ′M ′† = UL"L(UL)†, (11)

where "L is the eigenvalue of M ′M ′†. Furthermore, it can be
shown that

|Si,:,:,:|2 = "L
i . (12)

The cost for evaluating these U matrices scales with D6.

045139-2

Ax,x0yy0 ⌘ Mxx0yy0
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(reordering for L)

AA† = U⇤U†
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(reordering for R)

(D2xD2 matrix diagonalization)

Between L and R, choose the one with the smaller residual.

Pick Dc largest eigenvalues and corresponding eigenvectors for U.

✏L,R =
X

i>Dc

⇤L,R
i
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p-state clock model at a complex temperature

Z(�) =
Y
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�
X
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i
= Tr

Y

i

Txix0
iyiy0

i
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Initial local tensor:

Txx0yy0 =
q

Ix(�)Ix0(�)Iy(�)Iy0(�)�mod(x+y�x0�y0,p),0
<latexit sha1_base64="F5Hv3OEKwzKXJDcEWjnPCbjxh7I="></latexit>

e� cos ✓ =
1X

n=�1
In(�)e

in✓
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expansion with

Recipe for XY model: A. Denbleyker et al., PRD 89, 016008 (2014).

c.f. XY : �x+y�x0�y0,0
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Issue with complex temperature

T (n+1)
xx0yy0 =

X

ij

UixM
(n)
ijyy0U⇤

jx0
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AA† = U⇤U†
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Invariant under x <-> x’ & y <-> y’

If U is complex, it breaks the symmetry. Fix: orthogonal transformation

Re[AA†] = U⇤UT
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p-state clock model at complex temperature : leading Fisher zeros
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Z(p) broken disorderedx xcritical region

BKT(?) BKT(?)

Dc = 40, 50, 60, 70 are tested

L = 8, 16, 32, 64, 128

Are they BKT?

Im[�1] ⇠ [ln(bL)]�1� 1
⌫
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|�c � Re[�1]| ⇠ [ln(bL)]�
1
⌫
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Finite-Size-Scaling Ansatz with Logarithmic Corrections

Leading Fisher zero is like a pseudo-transition (complex) temperature.

⇠ = A exp[1/(at⌫)]
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BKT correlation length

Im[�1] ⇠ [ln(bL)]�1� 1
⌫
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A. Denbleyker et al., PRD 2014.
H. Zou, PhD Thesis 2014.

limiting case
The imaginary part of 𝝃 cannot be  

constant unless L = ∞.

We may need this.

[M. Hasenbusch, JPA 38, 5869 (2005)]

⇠L(�)

L
= a0 + a1

1

lnL
+O[(lnL)2]
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Finite-Size-Scaling Ansatz with Logarithmic Corrections

(��x ± i�y)
�⌫ ' a ln bL+ i

⇣
c0 �

c1
lnL

⌘
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Corrected FSS form:

��x = |�c � Re[�1]|
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�y = Im[�1]
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FIG. 7. Determination of the transition points. The ansatz with
the 1/ lnL correction is employed to locate the transition point bc at
the upper [(a), (c)] and lower [(b), (d)] transitions in the p-state clock
model. The sensitivity of the 1/ lnL behavior (solid line) is examined
by moving away from bc with the step size d = 0.004.

in the complex plane. In the numerical tests shown in Fig. 6,
the leading zeros at the lower transitions have much larger val-
ues of yL than at the upper transitions, explaining the strong
finite-size effects observed at the lower transitions. Below we
demonstrate the finite-size behaviors discussed in this section
by using the HOTRG data of the leading zeros.

B. Finite-size-scaling behaviors of the leading Fisher zeros

The logarithmic FSS behavior in the imaginary part of
Eq. (22) plays an essential role to determine the transition
points from the leading Fisher zero data. While both of the
real and imaginary parts expect the lnL dependence as shown
in Fig. 5, the imaginary part of (Db � iby)�n responds much
more sensitively to the change of bc, providing a stable curve
fit to locate bc in practice. Figure 7 demonstrates the behav-
ior of Im[(Db � iby)�n ] with the postulated BKT exponent
of n = 1/2, indicating the systematic deviations of the data
points from the straight line as it moves away from the deter-
mined value of bc.

Table I lists our Fisher-zero estimates of bc and the previ-
ous estimates based on various different measures at the up-
per and lower transitions in the p-state clock model for p = 5
and 6. Our estimates of the transition points are well in the
range of the previous estimates. Comparing with the previous
Fisher zero study using the WL method [12], the reasons for
the better agreement between the present results and the other

TABLE I. Comparisons with the previous estimates of the transition
points for the upper (b high

c ) and lower (b low
c ) transitions in the p-state

clock model. The last two rows indicate our estimates from the fits
to Eq. (22) with the zero data for L � Lmin.

b high
c (p = 5) b low

c (p = 5) b high
c (p = 6) b low

c (p = 6) reference
1.088(12) 1.47(4) [28]
1.1111 1.4706 [29]
1.1101(7) 1.4257(22) [30]

1.0510(10) 1.1049(10) [31]
1.1086(6) [36]

1.0593 1.1013 1.106(6) 1.4286(82) [37]
1.058(19) 1.094(14) [38]
1.0504(1) 1.1075(1) [40]
1.059 1.097 1.106 1.441 Lmin = 8
1.058 1.101 1.106 1.444 Lmin = 16

estimates are two-fold. First, our HOTRG dataset covers up
to L = 128 which is much larger than L . 32 of the previous
WL study. Second, while Ref. [12] relied on the form of the
trajectory that is valid in the asymptotic limit, our method of
locating bc benefits from the logarithmic finite-size correction
in the next-to-leading order, providing a better access to finite
systems at both of the upper and lower transitions.

The finite-size influence of neglecting the higher order log-
arithmic terms in the FSS ansatz of (Dbx � iby)�n can be
tested by not including some data points of the smallest sys-
tem sizes. Although our dataset of five data points is not
enough for a systematic analysis, we can still compare the one
from the full dataset with the other from the reduced dataset
excluding L = 8. As shown in Table I, the locations of bc at
the upper transitions are stable with the exclusion of L = 8. At
the lower transitions, the finite-size effect is much stronger as
suggested by the test of yL in Fig. 6, however the change of bc
is still in the range of the values reported in the previous stud-
ies. In addition, the same procedures provides bc ⇡ 1.115 in
the XY model for our leading-zero dataset of L  128, which
is also comparable to the high-precision estimate bc ⇡ 1.1199
given by the large-scale MC simulations [17, 18].

The imaginary and real part of the leading zeros are ex-
pected to behave as by ⇠ (lnbL)�1�1/n and Dbx ⇠ (lnbL)�1/n

from the BKT ansatz in the limit of a very large L. While at a
finite L, the leading zero behaviors deviate from these asymp-
totes, Eqs. (31) and (32) that include the finite-size correc-
tions describe very well the FSS behaviors of the leading ze-
ros, including an arc-like trajectory at the lower transition, as
demonstrated in Fig. 8. The parameters in yL are determined
from the linear fits shown in Fig. 5 in the procedures of locat-
ing bc. The excellent agreement between the data points and
the analytic predictions again emphasizes that the logarithmic
correction to the BKT ansatz is essential to the analysis of the
leading zeros in the p-state clock model.

Finally, let us discuss briefly the BKT exponent n that is
fixed at the standard value of n = 1/2 in our FSS tests. While
it is hard to determine n directly from Dbx or by because of
other fitting parameters being involved, the asymptote of the
leading zero trajectory, by µ Db 1+1/n

x , can be checked for the

It agrees well with other method.
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FIG. 5. Logarithmic finite-size corrections to the scaling ansatz. The
real and imaginary parts of (Dbx� iby)�n are shown at the transitions
in the p-state clock model and the XY model. The postulated BKT
exponent n = 1/2 is used. The dotted lines are given by the curve
fits of the parameters in Eq. (22).

where z0 = ln(a0/A), and z1 = a1/a0. Up to the leading and
next-to-leading orders for the real and imaginary parts of the
right-hand side, the final FSS ansatz is written as

(Dbx ± iby)
�n ' a lnbL+ i

⇣
c0 �

c1

lnL

⌘
, (22)

where the complex reduced temperature tL for a transition
point bc is written as tL ⌘ Dbx ± iby with Dbx = |bc � bx|.
The sign of ±by is irrelevant because of the symmetry of the
Fisher zero, and we choose by > 0 and tL = Dbx � iby. The
logarithmic behaviors of the real and imaginary parts are evi-
dent in the numerical tests with n = 1/2 in Fig. 5.

Equation (22) can be solved for Dbx = rL cosqL and by =
rL sinqL in the polar coordinates of the complex inverse tem-
perature. The radius rL and the angle qL are written as

rL = (a lnbL)�
1
n
⇥
1+y2

L
⇤� 1

2n , (23)

qL =
1
n

tan�1 yL, (24)

where we define the size-dependent parameter yL as

yL =
1

a lnbL

h
c0 �

c1

lnL

i
⌘

Im[(Dbx � iby)�n ]

Re[(Dbx � iby)�n ]
. (25)

For a small yL, one can write Dbx and by as

Dbx = (a lnbL)�
1
n
⇥
1�B1y2

L +O(y4
L)
⇤
, (26)

by =
1
n

(a lnbL)�
1
n yL

⇥
1�B2y2

L +O(y4
L)
⇤
, (27)
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FIG. 6. System-size dependence of yL in the p-state clock model
and the XY model. The solid lines indicate Eq. (25) with the fitting
parameters determined in Fig. 5. The filled symbol denotes L⇤ at
which Dbx has maximum in Eq. (31).

where B1 = 1
2n + 1

2n2 , and B2 = 1
3 + 1

2n + 1
6n2 . One can further

expand these equations in powers of 1/ lnbL as

Dbx µ (lnbL)�
1
n
⇥
1�B0

1(lnbL)�2 +O[(lnbL)�3]
⇤
, (28)

by µ (lnbL)�1� 1
n
⇥
1�B0

2(lnL)�1 +O[(lnbL)�2]
⇤
, (29)

where B0
1 = B1c2

0/a2, and B0
2 = c1/c0. In the asymptotic

limit, they approach the lines of Dbx µ (lnbL)�1/n and by µ
(lnbL)�1�1/n , reproducing the simple power-law trajectory
of by µ Db 1+n

x that was proposed in Ref. [8]. To take into
account the logarithmic correction terms in Dbx and by, the
leading zero trajectory can be expressed as

Dbx = w1b
1

1+n
y +w2by +w3b 2� 1

1+n
y +O

�
b 3� 2

1+n
y

�
, (30)

where the coefficients can be determined perturbatively from
the asymptotic solution. While this expression includes the
higher-order corrections, it is still unclear how the trajectory
can bend like an arc as previously observed at the lower tran-
sitions in the p-state clock model [12].

We find that at the postulated BKT exponent n = 1/2, the
closed-form expressions of Dbx and by are obtained to show
more explicitly the character of the leading-zero trajectory at
a finite L. At n = 1/2, Eq. (22) provides the expressions,

Dbx =
y2

L(1�y2
L)

(1+y2
L)2

h
c0 �

c1

lnL

i�2
, (31)

by =
2y3

L
(1+y2

L)2

h
c0 �

c1

lnL

i�2
. (32)

It turns out that as yL decreases, Dbx increases first at a large
yL and then starts to decrease when yL becomes smaller than
a certain value. This contrasts with the monotonic increase in
by. Thus, if yL is not small, one may find L⇤ at which the
slope of Dbx change its sign, leading to an arc-like trajectory

Corrected FSS form:
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FIG. 5. Logarithmic finite-size corrections to the scaling ansatz. The
real and imaginary parts of (Dbx� iby)�n are shown at the transitions
in the p-state clock model and the XY model. The postulated BKT
exponent n = 1/2 is used. The dotted lines are given by the curve
fits of the parameters in Eq. (22).

where z0 = ln(a0/A), and z1 = a1/a0. Up to the leading and
next-to-leading orders for the real and imaginary parts of the
right-hand side, the final FSS ansatz is written as

(Dbx ± iby)
�n ' a lnbL+ i

⇣
c0 �

c1

lnL

⌘
, (22)

where the complex reduced temperature tL for a transition
point bc is written as tL ⌘ Dbx ± iby with Dbx = |bc � bx|.
The sign of ±by is irrelevant because of the symmetry of the
Fisher zero, and we choose by > 0 and tL = Dbx � iby. The
logarithmic behaviors of the real and imaginary parts are evi-
dent in the numerical tests with n = 1/2 in Fig. 5.

Equation (22) can be solved for Dbx = rL cosqL and by =
rL sinqL in the polar coordinates of the complex inverse tem-
perature. The radius rL and the angle qL are written as

rL = (a lnbL)�
1
n
⇥
1+y2

L
⇤� 1

2n , (23)

qL =
1
n

tan�1 yL, (24)

where we define the size-dependent parameter yL as

yL =
1

a lnbL

h
c0 �

c1

lnL

i
⌘

Im[(Dbx � iby)�n ]

Re[(Dbx � iby)�n ]
. (25)

For a small yL, one can write Dbx and by as

Dbx = (a lnbL)�
1
n
⇥
1�B1y2

L +O(y4
L)
⇤
, (26)

by =
1
n

(a lnbL)�
1
n yL

⇥
1�B2y2

L +O(y4
L)
⇤
, (27)
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FIG. 6. System-size dependence of yL in the p-state clock model
and the XY model. The solid lines indicate Eq. (25) with the fitting
parameters determined in Fig. 5. The filled symbol denotes L⇤ at
which Dbx has maximum in Eq. (31).

where B1 = 1
2n + 1

2n2 , and B2 = 1
3 + 1

2n + 1
6n2 . One can further

expand these equations in powers of 1/ lnbL as

Dbx µ (lnbL)�
1
n
⇥
1�B0

1(lnbL)�2 +O[(lnbL)�3]
⇤
, (28)

by µ (lnbL)�1� 1
n
⇥
1�B0

2(lnL)�1 +O[(lnbL)�2]
⇤
, (29)

where B0
1 = B1c2

0/a2, and B0
2 = c1/c0. In the asymptotic

limit, they approach the lines of Dbx µ (lnbL)�1/n and by µ
(lnbL)�1�1/n , reproducing the simple power-law trajectory
of by µ Db 1+n

x that was proposed in Ref. [8]. To take into
account the logarithmic correction terms in Dbx and by, the
leading zero trajectory can be expressed as

Dbx = w1b
1

1+n
y +w2by +w3b 2� 1

1+n
y +O

�
b 3� 2

1+n
y

�
, (30)

where the coefficients can be determined perturbatively from
the asymptotic solution. While this expression includes the
higher-order corrections, it is still unclear how the trajectory
can bend like an arc as previously observed at the lower tran-
sitions in the p-state clock model [12].

We find that at the postulated BKT exponent n = 1/2, the
closed-form expressions of Dbx and by are obtained to show
more explicitly the character of the leading-zero trajectory at
a finite L. At n = 1/2, Eq. (22) provides the expressions,

Dbx =
y2

L(1�y2
L)

(1+y2
L)2

h
c0 �

c1

lnL

i�2
, (31)

by =
2y3

L
(1+y2

L)2

h
c0 �

c1

lnL

i�2
. (32)

It turns out that as yL decreases, Dbx increases first at a large
yL and then starts to decrease when yL becomes smaller than
a certain value. This contrasts with the monotonic increase in
by. Thus, if yL is not small, one may find L⇤ at which the
slope of Dbx change its sign, leading to an arc-like trajectory
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where z0 = ln(a0/A), and z1 = a1/a0. Up to the leading and
next-to-leading orders for the real and imaginary parts of the
right-hand side, the final FSS ansatz is written as

(Dbx ± iby)
�n ' a lnbL+ i

⇣
c0 �

c1

lnL

⌘
, (22)

where the complex reduced temperature tL for a transition
point bc is written as tL ⌘ Dbx ± iby with Dbx = |bc � bx|.
The sign of ±by is irrelevant because of the symmetry of the
Fisher zero, and we choose by > 0 and tL = Dbx � iby. The
logarithmic behaviors of the real and imaginary parts are evi-
dent in the numerical tests with n = 1/2 in Fig. 5.

Equation (22) can be solved for Dbx = rL cosqL and by =
rL sinqL in the polar coordinates of the complex inverse tem-
perature. The radius rL and the angle qL are written as

rL = (a lnbL)�
1
n
⇥
1+y2

L
⇤� 1

2n , (23)

qL =
1
n

tan�1 yL, (24)

where we define the size-dependent parameter yL as

yL =
1

a lnbL

h
c0 �

c1

lnL

i
⌘

Im[(Dbx � iby)�n ]

Re[(Dbx � iby)�n ]
. (25)

For a small yL, one can write Dbx and by as

Dbx = (a lnbL)�
1
n
⇥
1�B1y2

L +O(y4
L)
⇤
, (26)

by =
1
n

(a lnbL)�
1
n yL

⇥
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L +O(y4
L)
⇤
, (27)
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and the XY model. The solid lines indicate Eq. (25) with the fitting
parameters determined in Fig. 5. The filled symbol denotes L⇤ at
which Dbx has maximum in Eq. (31).

where B1 = 1
2n + 1

2n2 , and B2 = 1
3 + 1

2n + 1
6n2 . One can further

expand these equations in powers of 1/ lnbL as

Dbx µ (lnbL)�
1
n
⇥
1�B0

1(lnbL)�2 +O[(lnbL)�3]
⇤
, (28)

by µ (lnbL)�1� 1
n
⇥
1�B0

2(lnL)�1 +O[(lnbL)�2]
⇤
, (29)

where B0
1 = B1c2

0/a2, and B0
2 = c1/c0. In the asymptotic

limit, they approach the lines of Dbx µ (lnbL)�1/n and by µ
(lnbL)�1�1/n , reproducing the simple power-law trajectory
of by µ Db 1+n

x that was proposed in Ref. [8]. To take into
account the logarithmic correction terms in Dbx and by, the
leading zero trajectory can be expressed as

Dbx = w1b
1

1+n
y +w2by +w3b 2� 1

1+n
y +O

�
b 3� 2

1+n
y

�
, (30)

where the coefficients can be determined perturbatively from
the asymptotic solution. While this expression includes the
higher-order corrections, it is still unclear how the trajectory
can bend like an arc as previously observed at the lower tran-
sitions in the p-state clock model [12].

We find that at the postulated BKT exponent n = 1/2, the
closed-form expressions of Dbx and by are obtained to show
more explicitly the character of the leading-zero trajectory at
a finite L. At n = 1/2, Eq. (22) provides the expressions,

Dbx =
y2

L(1�y2
L)

(1+y2
L)2

h
c0 �

c1

lnL

i�2
, (31)

by =
2y3

L
(1+y2

L)2

h
c0 �

c1

lnL

i�2
. (32)

It turns out that as yL decreases, Dbx increases first at a large
yL and then starts to decrease when yL becomes smaller than
a certain value. This contrasts with the monotonic increase in
by. Thus, if yL is not small, one may find L⇤ at which the
slope of Dbx change its sign, leading to an arc-like trajectory
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where z0 = ln(a0/A), and z1 = a1/a0. Up to the leading and
next-to-leading orders for the real and imaginary parts of the
right-hand side, the final FSS ansatz is written as

(Dbx ± iby)
�n ' a lnbL+ i

⇣
c0 �

c1

lnL

⌘
, (22)

where the complex reduced temperature tL for a transition
point bc is written as tL ⌘ Dbx ± iby with Dbx = |bc � bx|.
The sign of ±by is irrelevant because of the symmetry of the
Fisher zero, and we choose by > 0 and tL = Dbx � iby. The
logarithmic behaviors of the real and imaginary parts are evi-
dent in the numerical tests with n = 1/2 in Fig. 5.

Equation (22) can be solved for Dbx = rL cosqL and by =
rL sinqL in the polar coordinates of the complex inverse tem-
perature. The radius rL and the angle qL are written as

rL = (a lnbL)�
1
n
⇥
1+y2

L
⇤� 1

2n , (23)

qL =
1
n

tan�1 yL, (24)

where we define the size-dependent parameter yL as

yL =
1

a lnbL

h
c0 �

c1

lnL

i
⌘
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. (25)

For a small yL, one can write Dbx and by as

Dbx = (a lnbL)�
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1�B1y2

L +O(y4
L)
⇤
, (26)
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FIG. 6. System-size dependence of yL in the p-state clock model
and the XY model. The solid lines indicate Eq. (25) with the fitting
parameters determined in Fig. 5. The filled symbol denotes L⇤ at
which Dbx has maximum in Eq. (31).

where B1 = 1
2n + 1

2n2 , and B2 = 1
3 + 1

2n + 1
6n2 . One can further

expand these equations in powers of 1/ lnbL as

Dbx µ (lnbL)�
1
n
⇥
1�B0

1(lnbL)�2 +O[(lnbL)�3]
⇤
, (28)

by µ (lnbL)�1� 1
n
⇥
1�B0

2(lnL)�1 +O[(lnbL)�2]
⇤
, (29)

where B0
1 = B1c2

0/a2, and B0
2 = c1/c0. In the asymptotic

limit, they approach the lines of Dbx µ (lnbL)�1/n and by µ
(lnbL)�1�1/n , reproducing the simple power-law trajectory
of by µ Db 1+n

x that was proposed in Ref. [8]. To take into
account the logarithmic correction terms in Dbx and by, the
leading zero trajectory can be expressed as

Dbx = w1b
1

1+n
y +w2by +w3b 2� 1

1+n
y +O

�
b 3� 2

1+n
y

�
, (30)

where the coefficients can be determined perturbatively from
the asymptotic solution. While this expression includes the
higher-order corrections, it is still unclear how the trajectory
can bend like an arc as previously observed at the lower tran-
sitions in the p-state clock model [12].

We find that at the postulated BKT exponent n = 1/2, the
closed-form expressions of Dbx and by are obtained to show
more explicitly the character of the leading-zero trajectory at
a finite L. At n = 1/2, Eq. (22) provides the expressions,

Dbx =
y2

L(1�y2
L)

(1+y2
L)2

h
c0 �

c1

lnL

i�2
, (31)

by =
2y3

L
(1+y2

L)2

h
c0 �

c1

lnL

i�2
. (32)

It turns out that as yL decreases, Dbx increases first at a large
yL and then starts to decrease when yL becomes smaller than
a certain value. This contrasts with the monotonic increase in
by. Thus, if yL is not small, one may find L⇤ at which the
slope of Dbx change its sign, leading to an arc-like trajectory

Corrected FSS form:

is monotonically decreasing.�y
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can be non-monotonic.

An arc-like trajectory is observed in a certain range of 𝛙L.
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Correction to the trajectory:

Upper transition Lower transition

With HOTRG data, p=5 fits well with the BKT scenario.



Summary and Conclusions
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Fisher-zero characterization of phase transitions 
in the p-state clock model

HOTRG vs. Wang-Landau MC 

2. HOTRG: Leading Fisher zeros are computed up to L = 128.

1. p=5 : it now fits well to the BKT trajectory with HOTRG data 

— Better FSS analysis is done using more accurate data + ansatz w/ correction. 

— BKT transition points are located using the logarithmic scaling behavior.

3. Corrections to the previous WL results:

2. The arc-like trajectory at the lower transition is now explained 
by the BKT ansatz with the finite-size corrections.

[D.-H. Kim, PRE 96, 052130 (2017)]
[S. Hong and D.-H. Kim, arXiv:1906.09036]

1. WL MC is destined to fail because of the non-diverging specific heat.


