
Contracting Arbitrary Tensor Networks

Pan Zhang 
ITP,CAS

In collaboration with 
@ITP,CAS:   Sujie Li, Feng Pan, Pengfei Zhou


Workshop on Tensor 
Network States 2019 

Dec. 4, 2019



Tensor Networks

• In physics: wave functions 

• Out of physics: 

• Revealing internal low-rank structures (CP, Tucker, TT rank) 

• Compression data, optimization 

• Learning: (kerneled) classification, generative modeling 

• Inference in graphical models 

• Simulating quantum circuits



Applying tensor networks to

• Machine learning: representing data distribution

• Graphical model: representing a Boltzmann distribution

• Quantum circuit simulations: a graphical model with 
complex temperature



Predicting Labels Finding structures in the data

Supervised and unsupervised learning

Classification Generative model
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Feature mapping to Hilbert space
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<latexit sha1_base64="Vl6ogm9shH4/tgZHZLMI68UyjlA=">AAACDXicbVBNS8MwGE79nPOr6tFLcBM8jbYKKwNhoAePE9wHbHWkWbqFpWlJUmGU/QEv/hUvHhTx6t2b/8Z060E3Hwg8eZ73zZv38WNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2x1eZ334gQtKI36lJTLwQDTkNKEZKS32zfE1DwjO7BsvOfeq4PaUVCR13eqnvVfdiWu6bJatizQCXiZ2TEsjR6JtfvUGEE/2ywgxJ2bWtWHkpEopiRqbFXiJJjPAYDUlXU470RC+dbTOFp1oZwCAS+nAFZ+rvjhSFUk5CX1eGSI3kopeJ/3ndRAWul1IeJ4pwPB8UJAyqCGbRwAEVBCs20QRhQfVfIR4hgbDSARZ1CPbiysuk5VTs84pz65TqtTyOAjgGJ+AM2KAK6uAGNEATYPAInsEreDOejBfj3fiYl64Yec8R+APj8wc+OZm3</latexit>

2 {1, 0}28⇥28
<latexit sha1_base64="K9xG3cmqRfEhNaKX5zRBjtFiOUs=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEIHqQkVbB4KnjxWMF+QBPLZrtpl242YXcjlBAv/hUvHhTx6r/w5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19cJGcXNre2e3tLffUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/up747QcqFYvEnR7H1AvxQLCAEayN1Csduky4qXNmu9l9Wq25moVUoWot65XKdsWeAi0SJydlyNHolb7cfkSSkApNOFaq69ix9lIsNSOcZkU3UTTGZIQHtGuowGaRl04/yNCJUfooiKQpodFU/T2R4lCpceibzhDroZr3JuJ/XjfRQc1LmYgTTQWZLQoSjnSEJnGgPpOUaD42BBPJzK2IDLHERJvQiiYEZ/7lRdKqVpzzSvX2oly/yuMowBEcwyk4cAl1uIEGNIHAIzzDK7xZT9aL9W59zFqXrHzmAP7A+vwB0HSVzw==</latexit>

MNIST handwritten digits with labels 0,1,…,9 

60,000 training images 

10,000 test images

Zig-zagling 

Rebentrost, Mohseni, Lloyd, Phys. Rev. Lett. 113, 130503 (2014)  
Havlíček, Córcoles, Temme, Harrow, Kandala, Chow, Gambetta, Nature  567, 209 (2019) 

Stoudenmire, Schwab, NIPS (2016 )

x

�(x)



Parametrizing the joint distribution: MPS Born Machine

(
<latexit sha1_base64="kL3GDD+w3q+rd5ROkqXWk6/0YOA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iNguIp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNcr9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteJeVauOqVLvN4sjDGZxDGTy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB2vfjKg=</latexit>

)
<latexit sha1_base64="dJ4S/xwCf9sPXQ9iTgTKCuohuV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7AbBcVTwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWql/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WrUvU2iyMPJ3AK5+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP21jjKk=</latexit>

(
<latexit sha1_base64="kL3GDD+w3q+rd5ROkqXWk6/0YOA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iNguIp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNcr9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteJeVauOqVLvN4sjDGZxDGTy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB2vfjKg=</latexit>

)
<latexit sha1_base64="dJ4S/xwCf9sPXQ9iTgTKCuohuV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7AbBcVTwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWql/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WrUvU2iyMPJ3AK5+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP21jjKk=</latexit>

=<latexit sha1_base64="XZR6y8TslRnin0fotVJsqt0AxwQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQRGEgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt55QaR7LBzNO0I/oQPKQM2qsVL/tFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc1K2bsoV+qXpepNFkceTuAUzsGDK6jCPdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCLs4y9</latexit>

The largest possible space for binary data 

The right space for computing the “partition 
function”

P<latexit sha1_base64="pSswgjLKqajz+sNsYeF0cXdmMRM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQXFVcOOyBfuAdpBMeqeNzWSGJCOUoV/gxoUibv0kd/6NaTsLbT0QOJxzLrn3BIng2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBOMb2d+5wmV5rG8N5ME/YgOJQ85o8ZKzcZDueJW3TnIKvFyUoEcNv/VH8QsjVAaJqjWPc9NjJ9RZTgTOC31U40JZWM6xJ6lkkao/Wy+6JScWWVAwljZJw2Zq78nMhppPYkCm4yoGellbyb+5/VSE177GZdJalCyxUdhKoiJyexqMuAKmRETSyhT3O5K2IgqyoztpmRL8JZPXiXtWtW7qNaal5X6TV5HEU7gFM7Bgyuowx00oAUMEJ7hFd6cR+fFeXc+FtGCk88cwx84nz+of4zQ</latexit>

P<latexit sha1_base64="pSswgjLKqajz+sNsYeF0cXdmMRM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQXFVcOOyBfuAdpBMeqeNzWSGJCOUoV/gxoUibv0kd/6NaTsLbT0QOJxzLrn3BIng2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBOMb2d+5wmV5rG8N5ME/YgOJQ85o8ZKzcZDueJW3TnIKvFyUoEcNv/VH8QsjVAaJqjWPc9NjJ9RZTgTOC31U40JZWM6xJ6lkkao/Wy+6JScWWVAwljZJw2Zq78nMhppPYkCm4yoGellbyb+5/VSE177GZdJalCyxUdhKoiJyexqMuAKmRETSyhT3O5K2IgqyoztpmRL8JZPXiXtWtW7qNaal5X6TV5HEU7gFM7Bgyuowx00oAUMEJ7hFd6cR+fFeXc+FtGCk88cwx84nz+of4zQ</latexit>

1

Z
<latexit sha1_base64="Y2cdNCaWH0S77NIHDmVH4WfQcQU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePFYwX5gGspmu2mXbnbD7kYoIT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Hbmd5+o0kyKBzNNaBDjkWARI9hYye9HCpPMy7PHfFCtuXV3DrRKvILUoEBrUP3qDyVJYyoM4Vhr33MTE2RYGUY4zSv9VNMEkwkeUd9SgWOqg2x+co7OrDJEkVS2hEFz9fdEhmOtp3FoO2NsxnrZm4n/eX5qousgYyJJDRVksShKOTISzf5HQ6YoMXxqCSaK2VsRGWObgrEpVWwI3vLLq6TTqHsX9cb9Za15U8RRhhM4hXPw4AqacActaAMBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wd07pFX</latexit>

k
<latexit sha1_base64="X8wk/KLDu7bMq07b3BjIzBsjnw4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkVFE8FLx6r2A9oQ9lsJ+3SzSbsboQS+w+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHSffepVyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt0Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/yMyyQ1KNl8UZgKYmIyfZv0uUJmxNgSyhS3txI2pIoyY8Mp2hC8xZeXSbNa8c4r1buLcu06j6MAx3ACZ+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gCb7o1i</latexit>

k
<latexit sha1_base64="X8wk/KLDu7bMq07b3BjIzBsjnw4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkVFE8FLx6r2A9oQ9lsJ+3SzSbsboQS+w+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHSffepVyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt0Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/yMyyQ1KNl8UZgKYmIyfZv0uUJmxNgSyhS3txI2pIoyY8Mp2hC8xZeXSbNa8c4r1buLcu06j6MAx3ACZ+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gCb7o1i</latexit>

2<latexit sha1_base64="q3LZskMFFJiISOodpUHoVbAu1ww=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AXsHjLI=</latexit>

Born’s rule
Z can be computed exactly !

P (x) =<latexit sha1_base64="XZR6y8TslRnin0fotVJsqt0AxwQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQRGEgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt55QaR7LBzNO0I/oQPKQM2qsVL/tFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc1K2bsoV+qXpepNFkceTuAUzsGDK6jCPdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCLs4y9</latexit>=<latexit sha1_base64="XZR6y8TslRnin0fotVJsqt0AxwQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQRGEgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt55QaR7LBzNO0I/oQPKQM2qsVL/tFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc1K2bsoV+qXpepNFkceTuAUzsGDK6jCPdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCLs4y9</latexit>

Han, Wang, Fan, Wang, PZ, Phys. Rev. X 8, 031012 (2018)

Z =<latexit sha1_base64="xbkjTX16lSoBBOwqNyO89LXxNFM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQRGEgBePUcwDkxBmJ7PJkNnZZaZXCEv+wIsHRbz6R978GyfJHjSxoKGo6qa7y4+lMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5up33zi2ohIPeA45t2QDpQIBKNopfvH616x5JbdGcgy8TJSggy1XvGr049YEnKFTFJj2p4bYzelGgWTfFLoJIbHlI3ogLctVTTkppvOLp2QE6v0SRBpWwrJTP09kdLQmHHo286Q4tAselPxP6+dYHDZTYWKE+SKzRcFiSQYkenbpC80ZyjHllCmhb2VsCHVlKENp2BD8BZfXiaNStk7K1fuzkvVqyyOPBzBMZyCBxdQhVuoQR0YBPAMr/DmjJwX5935mLfmnGzmEP7A+fwBOWiNIQ==</latexit> =<latexit sha1_base64="XZR6y8TslRnin0fotVJsqt0AxwQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQRGEgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt55QaR7LBzNO0I/oQPKQM2qsVL/tFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc1K2bsoV+qXpepNFkceTuAUzsGDK6jCPdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCLs4y9</latexit>



Tree Tensor Network Born machine

• Features: 

• Analogous to MPS: trackable 
likelihood, direct sampling, and 
canonical forms. 

• Good prior for 2-D images 

• Better correlation length (in 
practice) 

• Limitations: 

• Higher computational complexity 
than MPS Born machine

(
<latexit sha1_base64="kL3GDD+w3q+rd5ROkqXWk6/0YOA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iNguIp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNcr9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteJeVauOqVLvN4sjDGZxDGTy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB2vfjKg=</latexit>

)
<latexit sha1_base64="dJ4S/xwCf9sPXQ9iTgTKCuohuV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7AbBcVTwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWql/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WrUvU2iyMPJ3AK5+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP21jjKk=</latexit>

P<latexit sha1_base64="pSswgjLKqajz+sNsYeF0cXdmMRM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQXFVcOOyBfuAdpBMeqeNzWSGJCOUoV/gxoUibv0kd/6NaTsLbT0QOJxzLrn3BIng2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBOMb2d+5wmV5rG8N5ME/YgOJQ85o8ZKzcZDueJW3TnIKvFyUoEcNv/VH8QsjVAaJqjWPc9NjJ9RZTgTOC31U40JZWM6xJ6lkkao/Wy+6JScWWVAwljZJw2Zq78nMhppPYkCm4yoGellbyb+5/VSE177GZdJalCyxUdhKoiJyexqMuAKmRETSyhT3O5K2IgqyoztpmRL8JZPXiXtWtW7qNaal5X6TV5HEU7gFM7Bgyuowx00oAUMEJ7hFd6cR+fFeXc+FtGCk88cwx84nz+of4zQ</latexit>

P (x) =<latexit sha1_base64="XZR6y8TslRnin0fotVJsqt0AxwQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQRGEgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt55QaR7LBzNO0I/oQPKQM2qsVL/tFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc1K2bsoV+qXpepNFkceTuAUzsGDK6jCPdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCLs4y9</latexit> =<latexit sha1_base64="XZR6y8TslRnin0fotVJsqt0AxwQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQRGEgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt55QaR7LBzNO0I/oQPKQM2qsVL/tFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc1K2bsoV+qXpepNFkceTuAUzsGDK6jCPdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCLs4y9</latexit>

Cheng, Wang, Xiang, PZ, Phys. Rev. B 99, 155131 (2019)



Applying tensor networks to

• Machine learning: representing data distribution

• Graphical model: representing a Boltzmann distribution

• Quantum circuit simulations: a graphical model with 
complex temperature



Graphical models

Example: Ising (spin glass) models

S = {+1,�1}n

P (S) =
1

Z
e��E(S) Z =

X

s

e��E(S)

" " " # " # # # # # " "

Computing partition function of the 2-D Ising model 

• Estimating the free energy:  

• Computing macroscopic observables  

• Sampling the Boltzmann distribution 

• … … 
P

NP

P#P

PSPACE

Easy

Hard

PH

EXP

#P-hard problem

}



Mean-field approximations

• Statistical properties of variables are functions of self-consistent fields (marginal 
probabilities) 

• Converting many-body problems to single/few - body problems 

• Fields are functions of means of neighborhood variables 

• Results to self-consistent (message passing) equations: 

• Variational mean-field   (Product distribution)  

• Bethe approximation /  belief propagation 

• Thouless-Anderson-Palmer equations 

• Kikuchi loop series expansions 

• Expectation Propagation 

• ……

Van der Waals 1873 

Weiss, Pierre 1907 
Bethe 1935 
Kikuchi 1951 
Plefka 1982 

Yedidia et. al., 2001 

Mezard, Parisi 2001



• Representing joint distribution using chain rule of conditional 
probabilities.
q(s) =

Y

i

q(si|sj<i) q(s1, s2, s3, s4) = q(s4|s3, s2, s1)q(s3, s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2|s1)q(s1)

s1
s2
s3

s4

ŝ1 = sigmoid(0) = q(s1 = 1)

ŝ2 = sigmoid(w12s1) = q(s2 = 1|s1)
ŝ3 = sigmoid(w13s1 + w23s2) = q(s3 = 1|s2, s1)
ŝ4 = sigmoid(w14s1 + w24s2 + w34s4) = q(s4 = 1|s3, s2, s1)

q(s1, s2, s3, s4) = ŝ1ŝ2ŝ3ŝ4

• Variational Autoregressive Networks (VAN)

Fully Visible  
Belief Network 

[Frey 1998]

Improve mean-field methods using Neural networks

D. Wu, L. Wang, PZ, PRL 122, 080602 (2019) 



Can Tensor Networks do better ?



Probability distribution is a tensor, hence can be represented by a 
tensor network in general.

i
<latexit sha1_base64="WZyru9BdalIIQKACoBVQPcQzZr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWavJ+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AM5jjOk=</latexit>

j
<latexit sha1_base64="XdTBLbIbDJpNc7tgXOVJHLq2hhc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQfEU8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCW3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpFkpe1flSv26VL3L4sjDGZzDJXhwA1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB8/njOo=</latexit>

i
<latexit sha1_base64="WZyru9BdalIIQKACoBVQPcQzZr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWavJ+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AM5jjOk=</latexit>

j
<latexit sha1_base64="XdTBLbIbDJpNc7tgXOVJHLq2hhc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQfEU8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCW3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpFkpe1flSv26VL3L4sjDGZzDJXhwA1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB8/njOo=</latexit>

A<latexit sha1_base64="J674ZvOjdXk8cnsDmJrWjVqZPls=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkqKK4qblxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj28xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6c20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEd1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/qIyQ4Q==</latexit>

A<latexit sha1_base64="J674ZvOjdXk8cnsDmJrWjVqZPls=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkqKK4qblxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj28xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6c20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEd1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/qIyQ4Q==</latexit>

i
<latexit sha1_base64="WZyru9BdalIIQKACoBVQPcQzZr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWavJ+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AM5jjOk=</latexit>

j
<latexit sha1_base64="XdTBLbIbDJpNc7tgXOVJHLq2hhc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQfEU8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCW3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpFkpe1flSv26VL3L4sjDGZzDJXhwA1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB8/njOo=</latexit>

B<latexit sha1_base64="JgNeZhrv7FjqPF8HycV4QXl+YPw=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkqKK6KblxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj28xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6c20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEd1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/qhGQ4g==</latexit>A<latexit sha1_base64="J674ZvOjdXk8cnsDmJrWjVqZPls=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkqKK4qblxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj28xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6c20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEd1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/qIyQ4Q==</latexit>

A<latexit sha1_base64="J674ZvOjdXk8cnsDmJrWjVqZPls=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkqKK4qblxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj28xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6c20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEd1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/qIyQ4Q==</latexit> B<latexit sha1_base64="JgNeZhrv7FjqPF8HycV4QXl+YPw=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkqKK6KblxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj28xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6c20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEd1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/qhGQ4g==</latexit>

i
<latexit sha1_base64="WZyru9BdalIIQKACoBVQPcQzZr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWavJ+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AM5jjOk=</latexit>

j
<latexit sha1_base64="XdTBLbIbDJpNc7tgXOVJHLq2hhc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQfEU8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCW3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpFkpe1flSv26VL3L4sjDGZzDJXhwA1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB8/njOo=</latexit>

k
<latexit sha1_base64="kBpW2Z3PaYvSRudv/tWr0IjE0ec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWao775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AdFrjOs=</latexit>

k
<latexit sha1_base64="kBpW2Z3PaYvSRudv/tWr0IjE0ec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWao775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AdFrjOs=</latexit>

K
<latexit sha1_base64="+bpjRz6xxeWUc51Lfc8nMYAQPp4=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQXFVcCO4qWAfMB1KJs20oZlkSDJCGfoZblwo4tavceffmGlnoa0HAodz7iXnnjDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlqghtE8ml6oVYU84EbRtmOO0liuI45LQbTm5zv/tElWZSPJppQoMYjwSLGMHGSn4/xmZMMM/uZ4Nqza27c6BV4hWkBgVag+pXfyhJGlNhCMda+56bmCDDyjDC6azSTzVNMJngEfUtFTimOsjmkWfozCpDFEllnzBorv7eyHCs9TQO7WQeUS97ufif56cmug4yJpLUUEEWH0UpR0ai/H40ZIoSw6eWYKKYzYrIGCtMjG2pYkvwlk9eJZ1G3buoNx4ua82boo4ynMApnIMHV9CEO2hBGwhIeIZXeHOM8+K8Ox+L0ZJT7BzDHzifP35mkV0=</latexit>

Z =
X

i,j

Aij = 1TA1 =

<latexit sha1_base64="o4RAo5QlRvNvVnvD/nFhFAE/PTo=">AAACFHicbVDLSsNAFJ34rPUVdekmWARBKUkVFKHQ4sZlhb6wiWUynbTTTiZhZiKUkI9w46+4caGIWxfu/BsnbUBtPTDMmXPuZe49bkiJkKb5pS0sLi2vrObW8usbm1vb+s5uUwQRR7iBAhrwtgsFpoThhiSS4nbIMfRdilvu6Cr1W/eYCxKwuhyH2PFhnxGPICiV1NWPb8u2iPxuTE6GSVVdw6Rs+1AOXC+2krt69edR7uoFs2hOYMwTKyMFkKHW1T/tXoAiHzOJKBSiY5mhdGLIJUEUJ3k7EjiEaAT7uKMogz4WTjxZKjEOldIzvICrw6QxUX93xNAXYuy7qjIdUcx6qfif14mkd+HEhIWRxAxNP/IiasjASBMyeoRjJOlYEYg4UbMaaAA5RFLlmFchWLMrz5NmqWidFks3Z4XKZRZHDuyDA3AELHAOKuAa1EADIPAAnsALeNUetWftTXufli5oWc8e+APt4xvyEJ65</latexit>
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Converting graphical models to tensor networks

Example: Ising (spin glass) models

S = {+1,�1}n

P (S) =
1

Z
e��E(S) Z =

X

s

e��E(S)

" " " # " # # # # # " "

Computing partition function of the 2-D Ising model 



Tensor networks we would like to contract



Questions:

How to deal with large intermediate tensors during the 
contraction process? 

How to do accurate approximations? 

Can TNs handle strong entanglements induced by long-
range interactions? 

Scalability of approximations?

Stored and compressed using MPS

Canonical form, SVD

No guarantee, 
but could be better than other methods

trade off between  
accuracy and bond dimensions

MPS calculus



MPS calculus

F. Pan, P. Zhou, S. Li , PZ, arXiv:1912.03014



SK model 
n=20

Small-world 
n=70, c=4

RRG graphs 
n=80, k=3

16x16 2D lattice

SK model 
n=20

Small-world 
n=70, c=4

RRG graphs 
n=80, k=3

16x16 2D lattice

Computing free energy of spin glasses

F. Pan, P. Zhou, S. Li , PZ, arXiv:1912.03014



Time used

SK model 
n=20

Small-world 
n=70, c=4

RRG graphs 
n=80, k=3

16x16 2D lattice

F. Pan, P. Zhou, S. Li , PZ, arXiv:1912.03014



From inference to learning

Pdata(x) /
X

x(i)2data

�(x� x(i))

DKL(PdatakPGM) =
X

x

Pdata(x) log
Pdata(x)

PGM(x)

PBM(x) =
1

Z
e��

P
(ij) Jijxixj

bJ = argmin
J

DKL(PdatakPGM)

= argmin
J

E + logZ The Loss function can be estimated using tensor networks

Gradients can be computed using back propagation



Applying tensor networks to

• Machine learning: representing data distribution

• Graphical model: representing a Boltzmann distribution

• Quantum circuit simulations: a graphical model with a 
complex temperature



Robeva et al, arXiv:1710.01437 
 Boixo et al, arXiv:1712.05384 
Chen et al, arXiv:1805.01450 

Guo et al, PRL 123, 190501 (2019)

Simulate shallow quantum circuits

1 2 3 4

5 6 7 8

1. Apply a Hadamard gate to each quit

2. Apply CZ chosen sequentially from 8 configurations

3. Apply T,       , or       to each qubit 

4. Repeat step 2 and 3 to L layers

5. Apply a Hadamard gate to each quit

p
X

p
Y



Performance comparison

Guo et al, Physical Review Letter 123, 190501 (2019)

Random circuits are generated by Jinguo Liu using Yao.jl


F. Pan, P. Zhou, S. Li , PZ, arXiv:1912.03014Time complexity: 23L/2+1

Space complexity: 2L+1
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We hope more advanced algorithms could fully release the 
computational power of tensor networks in  wide applications

• Machine learning: representing data distribution

• Graphical model: representing a Boltzmann distribution

• Quantum circuit simulations



Thanks for your attention


